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_— o WAVE PROPAGATION IN A DC SUPERCONDUCTING CABL: T
’ Part I: Analysis*

P. Chowdhuri, Senior Member, IEEE

M. A. Mahaffy

Los Alamos Scientific Laboratory
Los Alamos, NM 87545

Abstract - We consider a dc superconducting cable
design consisting of four concentric metallic cylin-
ders, of which two carry the load current and two com-
prise the cryogenic erclosure. When a transient volt-
age fs impressed acrosc such a cable, the major di-
electric may not be fully stressed to its design val-
ue, and unwanted voltage stresses may develop across
otker parts of the cable. This paper analyzes the
surge-voltage propagation characteristics of a four-~
conductor dc superconducting cable for a step-function
input voltage. This analysis, although mainly direct-
ed to superconducting cables, is also applicable to
other multiconductor transmissicn lines, A companion
paper discusses the parametric effects of the cable
system in optimizing the voltage distribution.

INTRODUCTION

The advantages of transmitting bulk power by a dc
superconducting cable has been described previously
f1]. However, such a cable must operaie reliably un-
der system constraints, e.g., harmonics on the dc,
system faults, and transient overvoltages. The behav-
ior of a dc superconducting cable, which is being de-
veloped at the Los Alamos Scientific Laboratory
(LASL), under dc harmonics and system faults has been
reported in an earlier paper [2). This paper dis-
cusses the theory of wave propagation in a multicon-
ductor cable system and describes the response of a dc
superconducting cable of a specific design to tran-
sient voltages. The effects of parametric changes in
the system as well as in the cable design, including
those of dc conventional cables, are discussed in a
companion paper [3].

Figure 1 shows the dc superconducting catle of
LASL design. It consists of four concentric cylin-
ders. The innermost cylinder (conductor 1) carries
the load current and consists of subcables made up of
wires of multifilamentary Nb3Snm superconductor em-
bedded in copper matrix. The second cylinder (conduc-
tor 2), which carries the return current, also con-
sists of copper-stabilized multifilzmentary Nb3Sn
superconductor. The cryogenic enclosure is composed
of the tnird and fourth concentric cylinders. The
inner c¢ylinder (conductor 3) of the cryogenic enclo-
sure {s made of stainless steel and the outer cylinder
(conductor 4) of carbon steel. The space between con-
ductors 1 and 2 is filled with wrapped tape dieleciric

*Work performed under the auspices of the U.S. Depart-
ment of Energy.

RETURN He
(8 Atm, 12K)

GO He
(16 Atm 10 K)

SUPERCONDUCTORS BIRLECTRAATE | “MuLTILAYER
(MULTIFILAMENTARY INSULATION
Nby Sn IN Cu) ARMOR

Fig. 1. Conceptual design of a four-conductor dc

superconducting cable.

to withstand the system voltage - steady-state dc and
transient overvoltages. The space between conductors
2 and 3 is filled with supercritical helium at 1.33
MPa and 12 K. The space between conductors 3 and 4 is
evacuated and filled with multilayer thermal insula-
tion. Conductor 4 is isolated from earth by a thin
layer of insulation.

When a transient appears or conductor 1, multi-
velocity voltage waves will propagate along the four
conductors and create voltage differences across each
pair of conducters, caused by the disparity in the
wave velocities that did not exist initially [4], A
flashcver or puncture may cccur between any pair of
conductors if the voltage build-up across the conduc-
tor pair exceeds the dielectric strength of the space
between them. The weak member of the system may be
the evacuated space filled with multilayer thermal
insulation within the cryogenic enclosure. Repeated
punctures within this space would increase heat leak
to the cable, reducing its efficiency.

MET'0D OF ANALYSIS

A high-power dc supercondunting cable will most
likely transmit power from an energy park to an urban
load center, or to feed nower to a metrapolis from
rural overhead lines. Such a cable will be long {59
km or longer). Although the return-current conductor
(conductor 2) and the cryogenic enclosure (conductors
3 and 4) are nominally at ground potential for steady-
state operation, this assumption may not be valid un-
der transient conditions. To inhibit stray current
from flowing through these "grounded" conductors, ore

-end of each of thesc~ conductors will be kept isolaved

from ground either by keeping one terminal open or
connecting it to earth through a capacitor or through
a surge arrester. Furthermore, even when one terminal
of each of these three conductors is grounded, there
will always be a finite grounding resistance between
the condrctor and the earth. Tnerefore, the analvsis
should Include the resistance of each conductor and
the termina} grounding conditions.



The analysis beccmes simple if it is assumed that
the earth is perfect, i.e., an earth of infinite elec-
trical conductivity. In practice this ideal condition
i{s never met. The problem becomes more complex if the
long cable is laid not only in regions of di:ergent
earth resistivities but also in layers of earth of
different resictivities. Moreover, lack of precise
knowledge of the earth resistivity precludes exact
numerical computations. In spite of these difficul-
ties, it is worthwhile to study the effect of imper-
fect earth in order to assess the manner in which at-
tenuation and distortion of volitage waves in a cable
takes place.

Rudenburg-Hayashi Model of Transient Impedances

Transient phenomena, such as switching and light-
ning surges, are usually analyzed uvsing the Laplace
transform. Therefore, it is desirable to express the
transient impedances in terms of the Laplace-transform
operater s.

Rudenterg's analysis [5] of imperfect earth has
been extended by Hayashi [6] so that the earth-
correction terms can be expressed in terms of the op-
erator s. Rudenberg has represented an underground
cable by laying its center conductor on the ground
level at the center of a groove of a semicircular
shape of radius h from which the earth has been
scooped out, h being the distance of the center con-
ductor of the original cable from earth (Fig. 2). The
ground 1impadance as a function of the Laplace-
transform operator s can then be expressed as

Zg(s) = 8q151/2 - 847 + 8357172, (v

For fast transients, only the first two terms are im-
portant, where

/10 Rg x 10-4
Rg/4
204/ he
g soi? resistivity, Q-m

h™ = distance of center conductor of cable from
ground, m

O
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Similarly, the transient impedance of the cable con-
ductor can be expressed as

Z(s) = 8cys1/2 4800 + .enne. (2)
where

8c1 = JIOR » 10-4
8c2 *R./4 ©
Rc = dc resistance of the conductor.

For a cable consisting of n concentric cylinders, the
earth-correction impedance matrix will then be

(81 = sl/2[g] + [s7], (3)
where .
(6cl1 + Ggl]) 6911 LRI ) 6911
[61] - 69"
.nd d 66‘\.0-00-0000000(6c’n + 6911)"
(6] F(GCZI N 6921) b 6gZ'I "‘“"6921 ]
8] = R
¢ =8g21 |
ot -6.21-o-n-.---.--’,5c2n - 692])..

A. ACTUAL dc SPTL CONFIGURATION

EARTH

B. EQUIVALENT dc SPTL CONFIGURATION

Fig. 2. Rudenberg's model of cable in imperfect earth.

Solution of Transmission-Line Equations

The Laplace transform of the transmission-line
voltage equations can ke written in matrix form as

32[V]/3? = (s2[L1c] + s*% [6,]ICT + s[6,](c]) (V]
= [Q1*[V] (4)

where

(12 = (s2[LI[C] + s¥% [8,](C] + s[6,1MC])

[L] and [C] are the inductance and capacitance
matrices of the n-conductor cable, and

[8;] and [83]-are given by Eq. (3).
The solution of Eq. (4) is given by
[V] = exp(-od) [V,]

={exp\-s[M]'§)exp(-/§ [81]x/2)exp(-[82]x/2)}x
vV, 1 _ (5)

[M] = [LI[C],

Y2 =1
(8,1 = (M1 [MI™" L6, 10cT,
8,0 = 1% 17 19,3101,
Vjl=[atz=0.

where

‘Each of the three exponent'al terms needs to be
expanded by Sylvester's expansion theorem [6], giving

n
)
exp(-sIM1z) = 3 expl-say ) [ay,] (6)
=l
) r ﬂz »
oxp(-/E[B,]zlz) - rZ\ exp(-vs aQr</2)[a, ] (7)
N3

exp(-[8,]z/2) = Z‘ exp(-q,,./2) [a,,.], (8)
rs
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dye (r = 1,. ng are distinct eigenvalues of [M],

q2p -and q3r re distinct eigenvalues of [Bl] and
B2] respectively,
[u - identify matrix,

d‘ = order of degeneracy of q1D etgenvalue (1 =

.?.3). and

d]]+...+d md  t...Hd , 3dt...Hd . =

nl 21 n2 3 n3

Boundary Conditions

The length of the cable has been assumed to be
semi-infinite in this study; therefore, there would be
no reflections from the far end. A voltage Vg1 is
injected into conductor 1 at z=0, while the other con-
ductors are either grounded through a grounding re-
sistance Rq or left open. In this case, Vp2...V
need to be evaluated. These values can be obtained,
for known grounding resistances, by solving for the
currents at z=0.

The Laplace transform of the current matrix is
given by

M1 = -5t f [ 7=, (9)
where [V] is obtained from cqs. (5)-(8).
Final Solution

The .closed-form solution

for the voltage waves, in
time domain,

Is shown in the following equation.

n n,

[v(t)] = 15‘: [a]K] Z [azz]erf‘c(qu:/wt-q”(r )X
k=1 Le]

U(t'q1KI) X (10)

‘ﬁ (a, Jexp(- QMJ/ZIK v (v)]

u(t-q1K=) n Delayed unit function.

where

‘Cable Parameters

Computation of the voltage waves requires that the
resistance matrix [6], the inductance matrix [ ], and
the capacitance mat-ix [C] of the cable be known. As
discussed before, the [6] -matrix was computed by
Hayashi's method.

The [L]-matrix was aevaluated by
Maxwell's electromagnetic coefficients
lowing set of equatfons,

L L P AL TLML CRPPY + L1 (1)

computing
from the fol-

where

Lrs = Lo,

¢, = total magnetic flux Tinking conductor r,
1 = current flowing through conductor r, anc
r =l,...... caay M.

The transient current was assumed to flow along the
outer surface of the conductor. The permeability (u)
of a magnetic material was assumed equal to that (u
of free space when a steep-front transient is applie%
The coefficients of inductance (Lpg) are then given
by

< (uo/Zﬂ) tn (h/rgq) for r <s, H/m, (12)
where

= 4mx 10-7 H/m,
h? = distance of earth from center of cable, m
Feo " outer radius of conductor s, m.

The [CJl-matrix was evaluated by computing
Maxwell's electrostatic coefficients from the follow-
ing set of equations,

Qr " Pt +Prses T ’Prn n (13)
Prs' Psr
where

Qr = Electrostatic charge on conductor, r,

er = Potent{al of conductor r, and

r a1, ...., Nn.

The coefficients ppg are then given by
Py = 2nlh/r V/2we for r <n (14)

Pr(n-1) =

where

Phn * 1"('n1/"(n-1)o)/2"-(n-1) for r<(n-1)

‘n = permittivity of ccnductor n, F/m
*,4 = inner radius of conductor n, m
rno = outer radius of conductor n, m
The [CJ-matrix is then given by
-1
(c] = [p] (15)

COMPUTATION OF VOLTAGE WAVES

Cable and System Parameters

The conceptual design of the cable 1is shown 1in
Fig. I. Table I shows the pertinent parameters of the
cyble. In the analysis, the transient current was
assumed to be expelled from the superconductor into
the stabilizing copper. The conductors were assumed
to be perfect concentric cylinders, and the cable
semi-infinite in length.

The unit step-functicn voltage wave was applied
to conductor 1 at =) while each of the other three
conductors were connected tn earth throuoh a grounding
resistance of 10 2. Tha earth resistivity was assumed
to be 100 f-m

A companion paper shows the effects of various
values of grounding resistance, earth resistivity, and
cable design parameters on the propagatinn character-
istics of the voltage waves [3].

Computation

A numerical Fortran computer program was devel-
oped to solve the voltage equations for a given cable



TABLE I

Parameters of 100-kV dc Superconducting Cable

Outer radius of conductor 1, "o ™ 22.7 mm
DC resistance of conductor 1, Rcl = 0.2 ua/m
Inner radius of conductor 2, Fag * 28.3 mm
Outer radius of conductor 2, g ™ 35.0 mm
DC resistance of conductor 2, Rc2 = 0.2 utt/m
Inner radius of conductor 3, rag " 45.0 mm
Outer radius of conductor 3, T30 * 49.0 mm

DC resistance of conductor 3, Rc3 = 420.0 uQi/m
Inner radius of conductor 4, Tag * 90.0 mm
Outer radius of conductor 4, rap * 94.0 mm

DC resistance of conductor 4, Rc4 = 43.0 u/m

Distance of cable center to earth, h = 98.0 mm
Dielectric constants: ky = 2.2
kz = 1.0
k3 = 1.0
k‘ = 3.0
configuration. The voltage waves on each conductor of
the cable, as per unit of the applied voltage, are

computed at time and distance coordinates specified by
the user.

The data put into the program are the number of
conductors 1n the cable, their dc resistances and ra-
dii, the dielectric constants of the materials between
the conductors, the known initial voltages, the dis-
tances between the center of conductors and earth, the
earth resistivity, and the terminal resistances be-
tween the conductors and earth at z=0.

The cude includes a graphics package which plots
two-dimensional graphs of the wavefronts al specified
distances.

Figure 3 shows the voltage waves on each of the
four conductors of the cable at distances of 0.1, 1,
and 10 km from the origin.

DISCUSSION

Interpretation of Data

. With reference to Fig. 3, the original wave fis
split into four component waves traveling at unequal
velocities. A1l four component waves are present on
conductor 1. The number of component waves decreases
pragressively from conductor 1 ® conductor 4. One
single voltage wave of small magnitude -avels on con-
ductor 4 (nearest to earth). This component wave
which 1is present on all four conductors at = = 0 fis

- highly attenuated within a short distance from the

origin. This wave is not discernable in the figures.

The voltage between each conductor and ground
changes abruptly as the component voltage waves arrijve
at a point alony the cable at different times. For
instance, «conductor 1 experiences abrupt voltage
changes at 3.45, 3,86, 5.77 and 6.93 us as the four
component waves arrive at xz = 1 km (Fig. 3b). Simi-
larly, thre: component waves arrive on conductor 2 at
3.45, 3.86, and 5.77 us; two component waves on con-
ductor 3 at 3.45 and 3.86 us; and, one single wave on
conductor 4 at 5.77 us. The component wave (of small
magnitude) which arrives at x = 1 km on all four

Fig. 3.
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(c)

Step rusponse of a schi-infinite 100-kV four-
condu..tor dc superconducting cable.

Rq = 108 at x=0; pq = 1000 -m.

(g) z =100 m; (b) £ = 1 km; {c) =z = 10 km.
Four, three, two and one component waves
travel along conductors 1, 2, 3, and 4,
respectively. The component wave which is
present on all four conductors is highly
attenuated and s not discerniblae in the
figures.



conductors at 5.77 us is highly attenuated within a
short distance from the urigin. This wave is not dis-
cernible in the figures.

The primary voltage wave on conductor 3 (staintess
steel) attenuates significantly with time. With in-
crease in distance along the cable, the peak value of
this wave increases, although the attenuation rate
with time increases also. In general, the front time
of the component waves increases with distance along
the cable. '

The voltage difference between each pair of con-
ductors can also be ascertained from Fig. 3. At =z =1
km (Fig. 3b), no voltage difference appears between
conductors 1, 2, and 1 until the second wave arrives
on conductors 1 and 2 at 3.86 ps. Conductors 1 and 2
remain at equal voltages until the fourth wave arrives
on conductor 1 at 6.93 us, when about 0.65 p.u. is
developed across conductors 1 and 2. Tho voltage
spike developed across the cryogenic enclosure (be-
tween conductors 3 and 4) at ¥ = 1 km is about
0.20 p.u. For a 100-kV cable (BIL = 250 kV), 50 kV of
transient voltage will thus he impressed across the
cryogenic enclosure. About 0,248 p.u. (i.e. 59.5 kV)
will be impresced across the helium space between con-
ductors 2 and 3. The major dielectric (between con-
dugtors 1 and 2) will carry only 0.65 p.u. (i.e. 162.5
kV).

The voltage stress across the cryogenic enclosure
can be relieved by reducing the BIL (hence the steady-
state voltage rating) of the cable., Other alternative
solutions such as metallic shorts across the enclosure
at regular intervals and design optimization in the
cable and system can also reduce this voltage stress.
Parametric changes in the cable and system are dis-
cussed in the companion paper [3].

Limitations of the Analysis

The §-matrices were evaluated by considering only
the first two terms of the Egs. (1) and (2) in order
to keep the analysis simple and manageable. As a con-
sequence, this analysis is valid at the wavefront of
transients. To provide definition to the valid time
duration, extensive computations were carried out by
comparing results from the first terms of Eqe. (1) and
(2), with those from the first two terms.

It was found that one of the eigenvalues (qinp)
of the By matrix in Eq. (8) was negative, This N?T}
increase the corresponding exporential term 1in Eq.
(10) with increase in distance along the cable., It
was also found that all but one resultant matrix,
[a1d x [22p) x[a3p), which is multipiied by this
exponential term, is null. It was essential that this
particular matrix is non-zero so that the initial con-
ditions at xz20 are consistent. This term was evalu-
ated by using the exponential equivalent of erfc(y)
for large values of y, i.e.,

erfc(y) = expl=y’)/y/7, (16)

where

Y ® QW EqyE .

The time limit was set such that y2 >q3m £/2.
By simplifying the algebra, one gets

(t-t1) < 4o ¥/8agn, (17)
where
t = time 1imit
Sk, %kQK'aggd Qay are the eigenvalues cor-
responding to the non-zero matrix [ajglx

if computation at longer times
front time is of concern in most applications,

[axgixfaznl,

More terms of Eqs. (1) and (2) should be included
is desired. As the
inclu-

sion of just the first two terms of Eqs. (1) and (2)

should be sufficient, conside~ing the elegance,

sim-

plicity, and economy in computation time of the method

described.
' CONCLUSIONS
(1) The step response of a d¢ superconducting cahle

(2)

(3)

(1]

(3]

[a]

(5]

[6]1

to transient voltages has been described using
the Laplace transformation technique, taking into
account the transient impedances of the cable
conductors and earth.

Transient voltages will not stress the major di-
electric of the cable system to its full BIL ca-
pability.

Surge protection, cable design optimization, and
system coordination will be required to limit
transient voltages across the cryogenic enclosure
of the cable.
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